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1 Introduction

Two-sided matching models are used to study assignment problems in which
agents can be divided into two disjoint subsets from the very beginning. One
of these subsets contains institutions like men, firms, hospitals, colleges, soror-
ities, orchestras, schools, clubs, etc. The other one includes agents like women,
workers, medical interns, students, musicians, children, sportsmen, etc. The
fundamental question of these assignment problems is how to match each
institution on one side with one or a group of agents on the other side. Stabil-
ity has been considered as the main property to be satisfied by any sensible
matching. A matching is called stable if all agents have acceptable partners and
there is no unmatched institution-agent pair such that both would prefer to be
matched to each other rather than staying with their current partners under
the proposed matching. Giving all blocking power to an agent and institution-
agent pair seems a weak requirement. Moreover, in many cases it may be the
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right solution concept. This is due to the fact that to destroy an individually
rational unstable matching, only a telephone call (or a couple of e-mails) is
required.

The “Marriage Model” is the name given by Roth and Sotomayor [8] to
a one-to-one model with ordinal preferences. In this paper, we focus on this
model.

Gale and Shapley [3] show that deferred acceptance algorithms produce ei-
ther the men-optimal stable matching, or the women-optimal stable matching
(depending on whether men or women make the offers). The men (women)-
optimal stable matching is unanimously considered by all men (and respec-
tively by women) to be the best among all stable matchings.

Irving and Leather [5] introduce the concept of cycles on preferences and
cyclic matching, and present an algorithm that finds all stable matchings for
the marriage model. To seek for cycles on preferences, these authors first re-
duce the preference lists of all agents. This reduction of preferences allows us
to find cycles. A cycle is a set of men that satisfies the condition that the
second woman in the reduced list of a man in the cycle is the first woman in
the reduced list of another man in the cycle. A cyclic matching is the stable
matching in which all men in the corresponding cycle are matched to their sec-
ond woman in the reduced preference lists, and in which the remaining men
stay matched to their first woman in the reduced preference lists.1 Since the
cycles of reduced lists are disjoint, we extend the definition of cyclic matching
to a set of cycles in the reduced preference lists. That is to say, for any set of
cycles in the reduced preference lists, a cyclic matching is the stable matching
in which every men in the set of cycles is matched to their second woman in
the reduced preference lists, and in which the remaining men stay matched to
their first woman in the reduced preferences lists.

Shapley and Shubik [11] study the assignment game in terms of its linear
programming formulations. This game consists of two finite, disjoint sets of
players M and W , and a |M | × |W | matrix of non-negative numbers
{αi,j : (i, j) ∈M ×W}. The interpretation is that any pair of players (i, j) ∈
M×W is free to form a coalition whose worth is αi,j , which the two players may
divide between themselves in any way. Any player is free to remain single and
receive zero, and the worth of an arbitrary coalition equals the maximum worth
that can be obtained by the sum of the worth of the elements of a partition
of this coalition in pairwise coalition and singletons (with pairs consisting of
one player from M and one from W ). Each matching can be represented by
an assignment matrix, called the incidence vector of the matching. In this
way, the authors show that the matchings are exactly the integer solution of
a system of linear inequalities. These integer solutions -incidence vectors- are
exactly permutation matrices. They define a fractional matching to be a not
necessarily integer solution of this system of linear inequalities. According to

1 For more details, see Roth and Sotomayor [8].
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Birkhoff’s Theorem [1], any fractional matching must be a convex combination
of incidence vectors.2

Based on the similarity between the assignment game and the marriage
model, Vande Vate [12] adds some inequalities to the Shapley and Shubik’s
system of linear inequalities, capturing the stability condition for the marriage
model with these inequalities. He shows that the stable matchings for the
marriage model correspond to the set of incidence vectors (integer solution for
the linear inequalities). In other words, the stable matchings are exactly the
extreme points of the polytope generated by the system of linear inequalities
that he proposes. The model that he considers assumes that all pairs of agents
are mutually acceptable, and that the two sides of the market have the same
number of agents. Following Gale and Shapley’s results [3], Vande Vate assures
that the polytope generated by this linear system is non-empty.

Rothblum [10] extends this result by considering the possibility that agents
stay unmatched, and that both sides of the market do not necessarily have
the same number of agents. He also gives a proof for the characterization of
extreme points of the polytope as stable matchings.

Roth et al. [9] introduce a linear program, where the objective function is
the sum of all entries of the incidence vector and the constraints are Roth-
blum’s linear inequalities. They characterize all stable matchings as the integer
solutions of this linear program. Using the Duality and the Complementary
Slackness Theorems of linear programming, they show that the primal program
and its dual program have a remarkable relationship. Each optimal solution of
the primal program is contained in an optimal solution of the dual program.

Roth et al. [9] define a stable fractional matching to be a (not necessarily
integer) solution of the linear program. These stable fractional matchings can
be interpreted either as lotteries over possible matches, or as time-sharing ar-
rangements. In other words, a stable fractional matching assigns a probability
distribution to each agent over possible partners, or the probability that an
agent is matched to another agent. In centralized markets, where agents submit
their preference list on prospective partners to a clearing-house, a matching is
produced by processing these lists according to an algorithm. This may result
in a random process depending on the structure of the algorithm. This ran-
dom process may end on lotteries over stable matchings. Likewise, in discrete
problems where agents have opposite interests, randomization is surely one of
the most practical tools to achieve procedural fairness. Roth et al. [9] observe
that stable fractional matchings can be blocked by a pair (m,w) . We interpret
an entry of the incidence vector of a stable fractional matching as the frac-
tion of time that man m and woman w are assigned one another. This stable
fractional matching may assign both m and w a portion of time to the agents
they like less than each other. These two agents, m and w, have an incentive to
increase the time they spend with each other at the expense of those they like
less. If this happens, we say that the pair (m,w) fractionally blocks the stable

2 Any (non-integer) solution of the above mentioned system of linear inequalities must be
a convex combination of permutation matrices.
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fractional matching. The authors define a strongly stable fractional matching,
whose set is denoted by SS(P), as a stable fractional matching that does not
have a fractional blocking pair in the above sense. We will see that the convex
combination may or may not be fractionally blocked, depending on which sta-
ble matchings are involved. That is to say, a stable fractional matching will or
will not be strongly stable, depending on the stable matchings involved. The
importance of these matchings is to avoid private time-sharing arrangements
outside the matching. Roth et al. [9] assure that a stable fractional matching
is strongly stable only if each agent may assign time only to two agents on the
other side of the market.

The set SS(P) is a subset of the stable fractional matchings. Moreover,
depending on the model, it may be a proper subset. We illustrate these facts
with an example.

The main result of this paper is a characterization of strongly stable frac-
tional matchings. We prove that a stable fractional matching is strongly stable
if and only if all the stable matchings in the convex combination belong to a
connected set. A stable matching µ belongs to a connected set if there is a
stable matching such that µ is one of its cyclic matchings. In this way, we also
characterize the set SS(P) as the union of the convex hull of the connected
sets. Using an adaptation of Irving and Leather’s algorithm, we present an
algorithm that computes the connected sets.

An important result about stable matchings is that the set of stable match-
ings has a lattice structure under the partial order of men’s (women’s) common
preferences; these lattices are dual. This is a very significant result for at least
two reasons. First, it indicates that even if agents on the same side of the
market compete for agents on the other side, this conflict is attenuated. The
reason for this is that agents on the same side of the market have a coincidence
of interests on the set of stable matchings. Secondly, such lattice structure has
proved to be very useful: many algorithms that yield stable matchings are
based on such structure or some related properties. Roth et al. [9] show that
the set of stable fractional matchings has a lattice structure. For this task they
define an appropriate partial order over the set of stable fractional matchings
-the stochastic dominance.

Using the same partial order over stable fractional matchings, we also show
that the set SS(P) has a lattice structure. The binary operations associated
with the lattice, x∨ y and x∧ y, defined by Roth et al. [9] for the set of stable
fractional matchings, and the fact that the set of SS(P) is a subset of the
stable fractional matchings set, tell us that SS(P) is a sub-lattice.

We proceed as follows. Section 2 presents the marriage model, the concept
of cycle on preferences, properties of cycle and properties of cyclic matchings,
and the linear programming approach. In Section 3, we present a characteri-
zation of strongly stable fractional matchings, and an algorithm to calculate
the stable matchings necessary to characterize the set of all strongly stable
fractional matchings. In this section we also prove that this set has a lattice
structure. Finally, we include two lemmas necessary for our characterization
in section 4 (Appendix).
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2 The Model and Preliminary Results

In the stable marriage problem, there are two disjoint sets of agents, the set
M = {m1, ...,mn} of men and the set W = {w1, ..., wp} of women. Each agent
has a complete, transitive and antisymmetric preference ordering over the
agents on the other side of the market and the perspective of being unmatched.

For instance, the preference list of a man m will be represented by an
ordered list P (m) = w2, w1, w3 when p ≥ 3. For this preference, we write
w2 >m w1 (or w1 <m w2) to denote that man m prefers w2 over w1, and we
write w2 ≥m w1 to denote that either w2 = w1 or w2 >m w1. Those women
who do not appear in the preference list of a man are not acceptable by him,
i.e. the man prefers to remain unmatched instead of being matched to a not
acceptable woman.

A preference profile P = (P (m1) , ..., P (mn) , P (w1) , ..., P (wp)) is a vec-
tor of preference lists, one for each agent.

We will denote the matching model by (M,W,P ) .
We say that (m,w) ∈M ×W is an acceptable pair if w is in the preference

list of m, and m is in the preference list of w. Let A denote all the acceptable
pairs.

A matching is a one-to-one mapping µ : M ∪W →M ∪W , such that for
all w ∈W and m ∈M :

1. |µ (w) | = 1 and either µ (w) ∈M or µ (w) = w.
2. |µ (m) | = 1 and either µ (m) ∈W or µ (m) = m.
3. µ (w) = m if and only if µ (m) = w.

Let µ >M µ′ denote that all men like µ at least as well as µ′ with at least
one man preferring µ to µ′ outright, that is, µ(m) ≥m µ′(m) for all m, and
µ(m′) >m′ µ

′(m′) for at least one man m′. We say that µ ≥M µ′ means that
either µ >M µ′ or µ = µ′. Analogously µ >W µ′ and µ ≥W µ′ for the set of
women.

A matching µ is called individually rational if each agent is acceptable
for its partner under the matching µ. A matching µ is stable if it is individually
rational and there is no pair (m,w) in A, such that man m prefers woman w
to µ (m) , and woman w prefers man m to µ (w) . We denote by S (P ) the set
of all stable matchings.

Given a matching µ, a vector xµ ∈ {0, 1}|M |×|W | is an incidence vector
when xµm,w = 1 if and only if µ (m) = w and xµm,w = 0 otherwise. When no
confusion arises, we identify each matching with its incidence vector.

Roth et al. [9] characterize the set of stable matchings as the integer solu-
tions of the following linear program (LP):3

Max
∑

(i,j)∈A

xi,j

3 Theorem (Roth et al. [9]): The integer solutions of (LP) are exactly the stable match-
ings.
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ST: ∑
j∈W

xm,j ≤ 1 m ∈M (1)

∑
i∈M

xi,w ≤ 1 w ∈W (2)

∑
j>mw

xm,j +
∑
i>wm

xi,w + xm,w ≥ 1 (m,w) ∈ A (3)

xm,w ≥ 0 (m,w) ∈M ×W (4)

xm,w = 0 (m,w) ∈ (M ×W ) \A (5)

A stable fractional matching is a (not necessarily integer) solution of
the linear program (LP).

Birkhoff’s Theorem [1] states that a stable fractional matching is a convex
combination of the extreme points of the polytope defined by the set of con-
straints (1)-(5) (stable matchings). The set of all stable fractional matchings
will be denoted by SF (P ) . That is,

SF (P ) =

x : x =
∑

µ∈S(P )

αµx
µ and

∑
µ∈S(P )

αµ = 1, αµ ≥ 0

 .

Gale and Shapley [3] prove that the set of stable matchings is non-empty,
which implies that the set of stable fractional matchings is non-empty.

Remark 1 If m is matched in some stable matching, then by the McVitie and
Wilson’s Theorem [7], m is matched in all stable matchings. Hence, since the
stable fractional matching x is a convex combination of stable matchings, then∑
j∈W xm,j = 1. The same argument shows that

∑
i∈M xi,w = 1 for any w

matched in some stable matching.

These stable fractional matchings can be interpreted either as lotteries
over possible matches, or as time-sharing arrangements. That is, we can con-
sider xm,w as a fraction of time that both man m and woman w are assigned
one another. Roth et al. [9] observe that stable fractional matchings can be
fractionally blocked by a pair (m,w). Formally, they define a strongly stable
fractional matching as:

Definition 1 A stable fractional matching x is strongly stable if for all
(m,w) ∈ A, x satisfies the strong stability condition1−

∑
j≥mw

xm,j

 ·
1−

∑
i≥wm

xi,w

 = 0 (6)

i.e., if neither of the two agents spends time with agents they like less than
each other.
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We denote by SS(P) the set of all strongly stable fractional matchings. If
condition (6) is false for some pair (m,w), we say that this pair is a fractional
blocking pair of x. This means that these two agents have an incentive to
increase the time that they spend together at the expense of those they like
less at a stable fractional matching x.

Remark 2 The incidence vector of a stable matching satisfies condition (6);
i.e. it is strongly stable.

The following example is taken from Roth et al. [9], with which we illustrate
how some stable fractional matchings may have fractional blocking pairs, and
some may not.
Example 1: Assume n = p = 3, and let the profile list of preferences P be

P (m1) = w1, w3, w2

P (m2) = w2, w1,w3

P (m3) = w3, w2, w1

P (w1) = m3,m2,m1

P (w2) = m1,m3,m2

P (w3) = m2,m1,m3

The only stable matchings are:

xµM =

 1 0 0
0 1 0
0 0 1

 ; xµ̄ =

 0 0 1
1 0 0
0 1 0

 ; xµW =

 0 1 0
0 0 1
1 0 0

 .

Consider the stable fractional matching

x1 =
1

2
xµM +

1

2
xµW =

 1
2

1
2 0

0 1
2

1
2

1
2 0 1

2

 .

Condition (6) for the pair (m2, w1) is not satisfied:
[
1−

∑
i≥w1

m2
x1
i,w1

]
= 1

2 ,

and
[
1−

∑
j≥m2

w1
x1
m2,j

]
= 1

2 . Hence x1 is not strongly stable. Moreover, if

we define the stable fractional matchings

x2 =
1

2
xµM +

1

2
xµ̄ =

 1
2 0 1

2
1
2

1
2 0

0 1
2

1
2


and

x3 =
1

2
xµ̄ +

1

2
xµW =

 0 1
2

1
2

1
2 0 1

2
1
2

1
2 0

 ,

then, x1 and x2 satisfy condition (6). Hence, they are strongly stable. �

Gale and Shapley [3] define the deferred acceptance algorithms that pro-
duce either the men-optimal stable matching (denoted by µM ) or the women-
optimal stable matching (denoted by µW ), depending on whether men or
women make the offers. Irving and Leather [5] define a cycle on preference
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and a cyclic matching in order to present an algorithm that finds all stable
matchings for the marriage model. To seek for cycles on preferences, first they
have to reduce the preference lists of all agents. We formally present this re-
duction of preferences taken from Roth and Sotomayor [8].
Step 1: Remove all w who are more preferred than µM (m) from m′s list of
acceptable women. Remove all m who are more preferred than µW (w) from
w′s list of acceptable men.

Therefore, µM (m) will be the first entry in m′s reduced list, and µW (w)
will be the first entry in w′s reduced list.
Step 2: Remove all m who are less preferred than µM (w) from w′s list of
acceptable men. Remove all w who are less preferred than µW (m) from m′s
list of acceptable women.

Thus, µM (w) will be the last entry in w′s reduced list, and µW (m) will
be the last entry in m′s reduced list.
Step 3: After steps 1 and 2, if m is not acceptable for w (i.e., if m is not on
w′s preference list as now modified), then remove w from m′s list of acceptable
women, and similarly, remove from w′s list of acceptable men any man m to
whom w is no longer acceptable.

Hence, m will be acceptable for w if and only if w is acceptable for m after
Step 3.

In general, if µ is any stable matching, and we replace µM by µ in the
reduction process, the resulting profile will be called a profile of reduced
lists. This profile will be denoted by Pµ, and the order in m′s reduced lists
Pµ (m) will be denoted by >µm. In the same way, >µw will denote the order
in w′s reduced lists. The following lemma is taken from Roth and Sotomayor
(Proposition 3.10)[8]:

Lemma 1 If µ′ is a matching then µ′ is stable under Pµ if and only if µ′ is
stable under the original preferences and µ ≥M µ′.

Now we are ready to define a cycle.

Definition 2 An ordered set of men σ = {a1, ..., ar} defines a cycle for some
profile of reduced lists Pµ, if

(i) for b = 1, ..., r − 1, the second woman in Pµ (ab) is µ (ab+1) (i.e., the
first woman in Pµ (ab+1)),

(ii) the second woman in Pµ (ar) is µ (a1) (i.e., the first woman in Pµ (a1)).4

Irving and Leather [5] prove that a cycle exists, provided that Pµ (m) has
more than one acceptable woman for some man. They also define a cyclic
matching as follows:

Definition 3 Let Pµ be a profile of reduced lists and let σ = {a1, ..., ar} be
a cycle in Pµ. We define the matching µ[σ] as:

µ[σ](ab) =

µ (ab+1) if ab = a1, ..., ar−1

µ(a1) if ab = ar
µ (ab) if ab 6∈ σ

4 For more details, see Gusfield and Irving’s book [4]. The cycles are called rotations.
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We refer to µ[σ] as a cyclic matching under Pµ. Irving and Leather [5]
prove that this cyclic matching is stable under the original preferences.

We now introduce some properties that we need for our characterization
in next section.

Lemma 2 Let Pµ be a profile of reduced lists and let σs and σl be two different
cycles in Pµ. Then σs ∩ σl = ∅.

Proof Let Pµ be a profile of reduced lists. Let σs and σl be two different
cycles in Pµ and assume that σs ∩ σl 6= ∅. Assume that as1 = al1 ∈ σs ∩ σl.
Let k be the smallest index that ast = alt for all t ≤ k and ask+1 6= alk+1.

Observe that k ≥ 1 because as1 = al1. Then, by definition of Pµ we have:
Pµ (ask) = Pµ

(
alk
)

= µ (ask) , w, · · ·
Pµ
(
ask+1

)
=
(
µ
(
aik+1

)
= w

)
, · · ·

Pµ
(
alk+1

)
=
(
µ
(
alk+1

)
= w

)
, · · ·.

Since µ is a stable matching, µ (w) = ask+1 and µ (w) = alk+1, which

contradicts the existence of k such that ask+1 6= alk+1. So, we have that aik = alk
for all k. Then, σs = σl. ut

Lemma 3 Let Pµ be a profile of reduced lists. Let σs and σl be two different
cycles in Pµ. Then σs is a cycle of Pµ[σl],(i.e. σs is a cycle of the reduced lists
obtained when we apply the reduction procedure with the matching µ[σl])

Proof Let Pµ be a profile of reduced lists. Let σs and σl be two different
cycles in Pµ. By Lemma 2 σs ∩ σl = ∅. Then, we can denote {a1, ..., ar} = σl,
{ar+1, ..., ar+r′} = σs. By definition of µ = µ[σl], we have

µ[σl] (ak) =

µ (a1) if ak = ar
µ (ak+1) if ak ∈ {a1, ..., ar−1}
µ (ak) if ak 6∈ {a1, ..., ar}

that is to say, any man that is not in the cycle σl does not change partner,
and Lemma 2 tells us that σs is a subset of those men that are not in cycle
σl. Then, all men in σs still form a cycle in Pµ[σl]. ut

Since the cycles in a profile of reduced lists are disjoint, we can give a more
general definition for cyclic matchings.

Definition 4 Let µ be a stable matching for (M,W,P ). Let Pµ be a profile of
reduced lists and Φ(µ) = {σ1, ..., σq} the set of all cycles in Pµ. Let K ⊆ Φ(µ).
We define

µ[K] (m) =

{
µ[σh](m) if m ∈ σh, for some σh ∈ K,
µ(m) otherwise.

We will say that µ[K] is the generalized cyclic matching, in which all
men in the set K of cycles are matched to their second woman in the reduced
preference list, and the remaining men keep matched to their first woman in
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the reduced preference list.5 When no confusion arises, we will refer to µ[K]
only as a cyclic matching.

We denote by µ[σl, σs] = µ[σl][σs] to the generalized cyclic matching that
is obtained by applying the cycle σs first, and then the cycle σl to the stable
matching µ. An immediate consequence of Lemma 2 and Lemma 3 is that this
generalized cyclic matching is also stable under the original preferences.

Now we show that the matching obtained by applying more than one cycle
in a different order gives us the same cyclic matching.

Lemma 4 Let Pµ be a profile of reduced lists for (M,W,P ), and let σs and
σl be two different cycles in Pµ. Then

µ[σl, σs] = µ[σs, σl].

Proof Let Pµ be a profile of reduced lists for (M,W,P ), and let σs and σl be
two different cycles in Pµ. Let K = {σs, σl}. Since K is a set of cycles (not an
ordered set), by Definition 4 and Lemma 2, we have that

µ[K] (m) =

µ[σs](m) if m ∈ σs
µ[σl](m) if m ∈ σl
µ(m) otherwise.

Then, µ[σl, σs] = µ[σs, σl]. ut

The following lemma from Roth and Sotomayor [8] will be used in our char-
acterization.

Lemma 5 (Lemma 3.16) Let µ ∈ S(P ), and Pµ be a profile of reduced lists
for (M,W,P ). Let µ′ be a stable matching for Pµ. If µ 6= µ′, then there exists
a cyclic matching under Pµ, µ′′, such that µ′′ ≥M µ′.

3 A characterization of a strongly stable fractional matching

In this section, we provide a characterization of the set of strongly stable
fractional matchings.

Any stable fractional matching that satisfies condition (6) in the reduced
preference lists, Pµ also satisfies condition (6) for the original preference lists,
P . This is proved in Lemma 6 in the Appendix. We denote by A (Pµ) the set
of acceptable pairs under the reduced lists Pµ.

In order to present our characterization, we define the connected set gen-
erated by a stable matching.

Definition 5 Let (M,W,P ) be a matching model. A set of stable matchings
M is connected if there is a stable matching µ such that

M = {µ[K] : K ⊆ Φ(µ)}.

In this case, we say that M is generated by µ and we write Mµ =M.

5 Notice that if K = ∅, then µ[K] = µ.
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Notice that, footnote 5 assures that µ ∈Mµ.
The following proposition presents a property that satisfies any convex

combination of the matchings from a connected set.

Proposition 1 Let (M,W,P ) be a matching model. Then, any convex com-
bination of stable matchings from a connected set is strongly stable.

Proof Let (M,W,P ) be a matching model. Let x̄ be a convex combination of
stable matchings from a connected set. That is, there exist a stable matching µ,

a profile of reduced lists Pµ, and a connected setMµ such that x̄ =
∑t
l=1 αlx

µl

with 0 ≤ αl ≤ 1 and
∑t
l=1 αl = 1, µl ∈ Mµ. Since each µl ∈ Mµ, then there

exists Kl ⊆ Φ (µ) such that µl = µ[Kl]. Since x̄ is convex combination of stable
matchings from Mµ, we have that µ ≥M µl for all l = 1, ..., t. Hence, we have
that x̄ is a stable fractional matching in (M,W,Pµ). Also, since S(Pµ) ⊆ S(P ),
we have that x̄ is a stable fractional matching in (M,W,P ). If αl = 1 for some

l = 1, ..., t we have that x̄ = xµ
l

. Since µl is also a stable matching in the
original preferences, according to Remark 2, we have that x̄ is strongly stable.

If 0 < αl < 1 for all l = 1, ..., t, we will prove that x̄ satisfies Condition (6)
for all (m,w) ∈ A(Pµ).

Let K =
⋃t
l=1Kl and fix m ∈M . We will analyze two cases:

i) There is no σ ∈ K such that m ∈ σ. Then for all l = 1, ..., t, µl (m) = µ (m),

and x̄m,j =
∑t
l=1 αlx

µl

m,j =
∑t
l=1 αlx

µ
m,j = xµm,j

∑t
l=1 αl = xµm,j , for all

j ∈W . Thus, for (m,w) ∈ A(Pµ)∑
j≥µmw

x̄m,j =
∑
j≥µmw

xµm,j = xµm,µ(m) = 1.

Then, for (m,w) ∈ A(Pµ), we have that1−
∑
j≥µmw

x̄m,j

 ·
1−

∑
i≥µwm

x̄i,w

 = 0.

ii) Assume that m belongs to a cycle in Φ(µ). By Lemma 2, m can only belong
to a unique cycle that we denote by σm. But σm may be in more than one
set Kl ⊆ Φ (µ). We denote by Lm = {l : σm ∈ Kl}. Therefore,

x̄m,w =

t∑
l=1

αlx
µl

m,w =
∑
l∈Lm

αlx
µl

m,w +
∑
l 6∈Lm

αlx
µl

m,w.

Since σm is unique, by Lemma 2, we have that µl (m) = µ[Kl](m) =

µ[σm] (m) and xµ
l

m,w = x
µ[σm]
m,w for those l ∈ Lm. If l 6∈ Lm, µl (m) = µ (m)

and xµ
l

m,w = xµm,w. Hence,∑
l∈Lm

αlx
µl

m,w +
∑
l 6∈Lm

αlx
µl

m,w =
∑
l∈Lm

αlx
µ[σm]
m,w +

∑
l 6∈Lm

αlx
µ
m,w
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= xµ[σm]
m,w

(∑
l∈Lm

αl

)
+ xµm,w

∑
l 6∈Lm

αl

 . (7)

But,
∑
l∈Lm αl +

∑
l 6∈Lm αl = 1, then we define ᾱ =

∑
l∈Lm αl. Then,

(7) is equal to ᾱx
µ[σm]
m,w + (1− ᾱ)xµm,w. That is to say, x̄m,w is the convex

combination of x
µ[σm]
m,w and xµm,w. Since m ∈ σm, we have that µ (m) >µm

µ[σm] (m) >µm j, for all j ∈W − {µ (m) , µ[σm] (m)} .
We denote by µ (m) = w1 and µ[σm] (m) = w2. Then Pµ (m) = w1, w2, · · ·,
hence, x̄m,w1 = 1− ᾱ and x̄m,w2 = ᾱ.
Now, we will show that x̄ ∈ SS(Pµ). That is to say, the stable fractional
matching x̄ fulfills condition (6) for all pairs (m,w) ∈ A(Pµ). Here we
consider two cases:
a.- If w ≤µm w2, we have∑

j≥µmw

x̄m,j = x̄m,w1 + x̄m,w2 = (1− ᾱ) + ᾱ = 1,

then 1−
∑
i≥µmw

x̄m,j

 ·
1−

∑
i≥µwm

x̄i,w

 = 0.

b.- If w >µm w2, that is to say, w = w1, then∑
j≥µmw1

x̄m,j = x̄m,w1 = 1− ᾱ < 1.

Since x̄m,w1
= 1 − ᾱ > 0, we have that

∑
j>µmw1

x̄m,j +
∑

i>µw1
m

x̄i,w1
+

x̄m,w1 = 1. 6 Thus,
∑

i>µw1
m

x̄i,w1
+ (1− ᾱ) = 1.

That is, if w >µm w2∑
i≥µw1

m

x̄i,w1 =
∑

i>µw1
m

x̄i,w1 + x̄m,w1 = (1− ᾱ) + ᾱ = 1.

Then,
[
1−

∑
i≥µwm x̄i,w

]
= 0.

6 Using the Complementary Slackness Theorem for (LP ), in Lemma 9, Roth et al. [9]
prove that when xm,w > 0 for some stable fractional matching x, then for each stable
fractional matching x′,

∑
j>mw

x′m,j +
∑

i>wm
x′i,w + x′m,w = 1. Here, we have that x̄ is

a stable fractional matching in the matching model (M,W,Pµ).
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Then for the pair (m,w) ∈ A(Pµ), we have that1−
∑
j≥µmw

x̄m,j

 ·
1−

∑
i≥µwm

x̄i,w

 = 0.

That is to say, x̄ fulfills Condition (6) for the pair (m,w) ∈ A(Pµ). Since
x̄ is a stable fractional matching in (M,W,Pµ), then x̄ is strongly stable in
(M,W,Pµ). Since x̄ is also a stable fractional matching in (M,W,P ), then by
Lemma 6 of the Appendix, we conclude that x̄ is strongly stable in (M,W,P ).

ut

Given a stable fractional matching x̄, we denote the support of x̄ (supp(x̄))
as the set of all pairs (i, j) such that x̄i,j > 0. Rothblum [10] defines a match-
ing µx̄ assigning each man m his most preferred woman j among those that
fulfill x̄m,j > 0. If there is no woman j fulfilling x̄m,j > 0, then µx̄ (m) = m.
For each m ∈M , let us denote the most preferred woman as wm. Formally,

Definition 6 Let (M,W,P ) be a matching model. Let x̄ be a stable fractional
matching. We define the matching

µx̄ (m) =

{
wm if wm = max>m{j : (m, j) ∈ supp (x̄)}
m if there is no j : (m, j) ∈ supp (x̄) .

Rothblum [10] proves that, for each stable fractional matching x̄, µx̄ is a stable
matching. Moreover, he proves that µx̄ assigns each woman w her least pre-
ferred man i among those that fulfill x̄i,w > 0. If there is no woman i fulfilling
x̄i,w > 0, then µx̄(w) = w. Let us denote the incidence vector of the stable
matching µx̄ by xµx̄ .

The main result of this paper is the characterization of a strongly stable
fractional matching as a convex combination of particular stable matchings.
These particular matchings will be stable matchings that belong to the same
connected set.

Theorem 1 Let (M,W,P ) be a matching model. Let x̄ be a stable fractional

matching in (M,W,P ), and x̄ =
∑k
l=1 αlx

µl , 0 < αl ≤ 1,
∑k
l=1 αl = 1 with

µl ∈ S(P ) for all l = 1, ..., k. Then, x̄ is strongly stable if and only if for all
l = 1, ..., k, µl belongs to the connected set Mµx̄ .

Proof For ⇐), Proposition 1 states that any convex combination of stable
matchings from a connected set is strongly stable, particularly for the con-
nected set Mµx̄ .

For ⇒), let (M,W,P ) be a matching model, let

x̄ =

k∑
l=1

αlx
µl , 0 < αl ≤ 1,

k∑
l=1

αl = 1, (8)

and x̄ be strongly stable.
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Let us assume that there exists a stable matching µl in the convex combi-
nation of x̄ such that µl 6∈ Mµx̄ . Then by Definition 6 we have that µx̄ ≥M µl

and by Lemma 1 we have that µl ∈ S(Pµx̄). Moreover, by Lemma 5 there
exists a cycle σ in Pµx̄ such that µx̄ >M µx̄[σ] ≥M µl. Since µx̄[σ] ∈Mµx̄ and
µl 6∈ Mµx̄ , we have that µx̄ >M µx̄[σ] >M µl.

Claim There exists (m̄, w̄) ∈ A(Pµx̄) such that µx̄(m̄) >m̄ w̄ >m̄ µl(m̄) and
µx̄(w̄) >w̄ m̄ >w̄ µ

l(w̄).

Proof The proof of this Claim is in the Appendix.

Since supp(xµ
l

) ⊂7 supp(x̄) and supp(xµx̄) ⊂ supp(x̄), we have that

x̄m̄,µl(m̄) > 0, x̄m̄,µx̄(m̄) > 0, x̄µl(w̄),w̄ > 0 and x̄µx̄(w̄),w̄ > 0.

Hence, by Claim1−
∑
j≥m̄w̄

x̄m̄,j > 0

 and

1−
∑
i≥w̄m̄

x̄i,w̄ > 0

 . (9)

Therefore, for the pair (m̄, w̄), x̄ does not fulfill Condition (6), which results
in a contradiction. Then µl ∈Mµx̄ for all l = 1, ..., k. ut

Now, once the proof of our characterization has been completed, we can
denote the set of strongly stable fractional matchings (SS(P)) by

SS(P ) =
⋃

µ∈S(P )

Conv(Mµ).

Example 1 helps to illustrate this set.
Example 1 (continued): The matchings µM and µ̄ have a unique cyclic
matching. Then, MµM = {µM , µ̄}, Mµ̄ = {µ̄, µW } and MµW = {µW }. The
stable fractional matchings denoted by x2 = αxµM + (1− α)xµ̄ and x3 =
βxµ̄ + (1− β)xµW , with 0 ≤ α ≤ 1 and 0 ≤ β ≤ 1, are strongly stable. That
is, the set of strongly stable fractional matchings is given by:

SS (P ) =
{
x : x = αxµM + (1− α)xµ̄, α ∈ [0, 1]

}
∪
{
x : x = βxµ̄ + (1− β)xµW , β ∈ [0, 1]

}
.

While the set of stable fractional matchings is given by:

SF (P ) =

{
x : x = α1x

µM + α2x
µ̄ + α3x

µW :

3∑
t=1

αt = 1 and αt ∈ [0, 1]

}
.

7 Here we use ”⊂” to denote the strict inclusion; that is to say, A ⊂ B means that A is a
proper subset of B.
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�
Now, we see that the union

⋃
µ∈S(P ) Conv(Mµ) can be refined. We can

join fewer sets and still characterize the set SS (P ). To this end, we define a
new property for some stable matchings. Before introducing it, we illustrate
the construction with an example.

Example 2: Consider a matching model (M,W,P ) where n = p = 6, and the
profile P is defined as follows

P (m1) = w1, w3, w2 P (w1) = m3,m2,m1

P (m2) = w2, w1, w3 P (w2) = m1,m3,m2

P (m3) = w3, w2, w1 P (w3) = m2,m1,m3

P (m4) = w4, w6, w5 P (w4) = m6,m5,m4

P (m5) = w5, w4, w6 P (w5) = m4,m6,m5

P (m6) = w6, w5, w4 P (w6) = m5,m4,m6

Notice that σ1 = {m1,m2,m3} and σ2 = {m4,m5,m6}.
The set of stable matchings and its lattice are8:

m1 m2 m3 m4 m5 m6

µM : w1 w2 w3 w4 w5 w6

µ1 : w3 w1 w2 w4 w5 w6

µ2 : w1 w2 w3 w6 w4 w5

µ11 : w2 w3 w1 w4 w5 w6

µ12 : w3 w1 w2 w6 w4 w5

µ22 : w1 w2 w3 w5 w6 w4

µ112 : w2 w3 w1 w6 w4 w5

µ221 : w3 w1 w2 w5 w6 w4

µ1122 : w2 w3 w1 w5 w6 w4

8 For ease of presentation, we will denote for instance µ12 = µ1[σ2] = µ[σ1, σ2]. Notice
that by Lemma 4, we have that µ12 = µ[σ1, σ2] = µ[σ2, σ1] = µ21.
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Notice that

SS (P ) = Conv(MµM )∪Conv(Mµ1)∪Conv(Mµ2)∪Conv(Mµ12)∪Conv(Mµ11)

∪Conv(Mµ22
) ∪ Conv(Mµ112

) ∪ Conv(Mµ221
) ∪ Conv(Mµ1122

).

Since Mµ1
= {µ1, µ11, µ12, µ112} and Mµ11

= {µ11, µ112}, then Mµ11
⊂

Mµ1 . In the same way, Mµ112 ⊂ Mµ11 , Mµ22 ⊂ Mµ2 and Mµ221 ⊂ Mµ12 ,
then

SS (P ) = Conv(MµM ) ∪ Conv(Mµ1
) ∪ Conv(Mµ2

) ∪ Conv(Mµ12
).

�

Definition 7 The set M is called maximal connected set if there is no
connected set M′ such that M⊂M′.

We denote by L the set of all maximal connected sets for the matching
model (M,W,P ).

The following corollary is a consequence of Theorem 1 and Definition 7.

Corollary 1 Let SS (P ) be the set of strongly stable fractional matchings.
Then,

SS (P ) =
⋃
M∈L

Conv (M) .

In Example 2, we observe that the maximal connected sets are the ones gen-
erated by the stable matchings µM , µ1, µ2 and µ12, that is, L = {MµM ,Mµ1

,Mµ2
,Mµ12

}.
We denote the set of these stable matchings by SL (P ).

Notice that, despite this refinement through maximal connected sets, the
union is not disjoint, i.e.,

MµM ∩Mµ1
6= ∅.
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3.1 Algorithm for SL (P )

Irving and Leather [5] propose an algorithm that computes all stable match-
ings for the model (M,W,P ) . We propose an algorithm based on Irving and
Leather’s algorithm to obtain the set SL (P ) of stable matchings that generates
the maximal connected sets in order to compute the set SS(P).
Algorithm:

– Step 1:
Find µM and µW . Using the reduction procedure, find PµM and Φ (µM ) .
Let V1 := {µM} and U1 := {µM} . If MµM = {µM}, then V (P ) := V1.

– Step k, for k ≥ 2:
Let

Uk =
⋃

µ̄∈Uk−1

{µ ∈ S (P ) : µ = µ̄[σ] for some σ ∈ Φ (µ̄)}.

Let Vk := Vk−1 ∪ {µ ∈ Uk :Mµ 6⊂ Mµ̄ for each µ̄ ∈ Vk−1}.
If for all µ ∈ Uk,Mµ = {µ}, then V (P ) := Vk−1.

In agreement with Irving and Leather [5], this algorithm stops after a finite
number of steps, when each man only has one acceptable woman in the profile
of reduced lists.

Theorem 2 Let (M,W,P ) be a matching model. Then

V (P ) =SL (P ) .

Proof First, we have that SL (P ) ⊆ S(P ).
Second, for each µ ∈ S(P ) the algorithm has a step, say Step k, where

µ ∈ Uk and it is in that same step where it is determined if µ ∈ SL (P ) or
µ 6∈ SL (P ). If µ ∈ SL (P ), then Vk−1 is updated by adding µ. ut

We illustrate the algorithm by applying it to the matching model of the Ex-
ample 2.
Example 2 (Continued):
Algorithm:
Step 1: By the two deferred acceptance algorithms, we obtain the two optimal
stable matchings:

m1 m2 m3 m4 m5 m6

µM : w1 w2 w3 w4 w5 w6

µW : w2 w3 w1 w5 w6 w4

Using the reduction procedure, we obtain:

PµM (m1) = w1, w3, w2

PµM (m2) = w2, w1,w3

PµM (m3) = w3, w2, w1

PµM (m4) = w4, w6, w5

PµM (m5) = w5, w4, w6

PµM (m6) = w6, w5, w4
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and Φ (µM ) = {σ1, σ2} = {{m1,m2,m3} , {m4,m5,m6}} .
Then, V1 := {µM} and U1 := {µM} .

Step 2: Let U2 = {µ1, µ2} as µ1 = µM [σ1] and µ2 = µM [σ2].

m1 m2 m3 m4 m5 m6

µ1 : w3 w1 w2 w4 w5 w6

µ2 : w1 w2 w3 w6 w4 w5

Pµ1 (m1) = w3, w2 Pµ2 (m1) = w1, w3, w2

Pµ1 (m2) = w1,w3 Pµ2 (m2) = w2, w1,w3

Pµ1 (m3) = w2, w1 Pµ2 (m3) = w3, w2, w1

Pµ1 (m4) = w4, w6, w5 Pµ2 (m4) = w6, w5

Pµ1 (m5) = w5, w4, w6 Pµ2 (m5) = w4, w6

Pµ1 (m6) = w6, w5, w4 Pµ2 (m6) = w5, w4

Φ (µ1) = {σ1, σ2} = {{m1,m2,m3} , {m4,m5,m6}} . Φ (µ2) = {σ1, σ2} =
{{m1,m2,m3} , {m4,m5,m6}} .

Since Mµ1 6⊂ MµM and Mµ2 6⊂ MµM , then V2 = V1 ∪ {µ1, µ2} =
{µM , µ1, µ2}.

Step 3: Let U3 = {µ11, µ12, µ22} as µ11 = µ1[σ1], µ12 = µ2[σ1] = µ1[σ2]9 and
µ22 = µ2[σ2].

m1 m2 m3 m4 m5 m6

µ11 : w2 w3 w1 w4 w5 w6

µ12 : w3 w1 w2 w6 w4 w5

µ22 : w1 w2 w3 w5 w6 w4

Pµ11 (m1) = w2 Pµ12 (m1) = w3, w2 Pµ22 (m1) = w1, w3, w2

Pµ11 (m2) = w3 Pµ12 (m2) = w1, w3 Pµ22 (m2) = w2, w1, w3

Pµ11 (m3) = w1 Pµ12 (m3) = w2, w1 Pµ22 (m3) = w3, w2, w1

Pµ11 (m4) = w4, w6, w5 Pµ12 (m4) = w6, w5 Pµ22 (m4) = w5

Pµ11 (m5) = w5, w4, w6 Pµ12 (m5) = w4, w6 Pµ22 (m5) = w6

Pµ11 (m6) = w6, w5, w4 Pµ12 (m6) = w5, w4 Pµ22 (m6) = w4

Φ (µ11) = {σ2} = {{m4,m5,m6}}. Φ (µ12) = {σ1, σ2} = {{m1,m2,m3} , {m4,m5,m6}}.
Φ (µ22) = {σ1} = {{m1,m2,m3}}.

SinceMµ11
⊂Mµ1

,Mµ22
⊂Mµ2

, then µ11 and µ22 must be rejected. But
sinceMµ12

6⊂ Mµ1
,Mµ12

6⊂ Mµ2
andMµ12

6⊂ MµM , then V3 = V2∪{µ12} =
{µM , µ1, µ2, µ12}.

Step 4: Let U4 = {µ112, µ221}. By Lemma 4 we have that µ112 = µ11[σ2] =
µ12[σ1] and µ221 = µ22[σ1] = µ12[σ2].

9 Lemma 4 ensures that µ[σ1, σ2] = µ[σ2, σ1].
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m1 m2 m3 m4 m5 m6

µ112 : w2 w3 w1 w6 w4 w5

µ221 : w3 w1 w2 w5 w6 w4

Pµ112 (m1) = w2 Pµ122 (m1) = w3, w2

Pµ112 (m2) = w3 Pµ122 (m2) = w1,w3

Pµ112 (m3) = w1 Pµ122 (m3) = w2, w1

Pµ112 (m4) = w6, w5 Pµ221 (m4) = w5

Pµ112 (m5) = w4, w6 Pµ221 (m5) = w6

Pµ112 (m6) = w5, w4 Pµ221 (m6) = w4

Φ (µ112) = {σ2} = {{m4,m5,m6}}. Φ (µ221) = {σ1} = {{m1,m2,m3}}.
Since Mµ112

⊂ Mµ12
and Mµ221

⊂ Mµ12
, then µ112 and µ221 must be

rejected. Hence V4 = V3 = {µM , µ1, µ2, µ12}.

Step 5: Let U5 = {µ1122}. By Lemma 4 we have that µ1122 = µ112[σ2] =
µ221[σ1].

m1 m2 m3 m4 m5 m6

µW = µ1122 : w2 w3 w1 w5 w6 w4

Pµ1122 (m1) = w2

Pµ1122 (m2) = w3

Pµ1122 (m3) = w1

Pµ1122 (m4) = w5

Pµ1122 (m5) = w6

Pµ1122 (m6) = w4

Φ (µ1122) = ∅.
Since Mµ1122 = {µ1122}, then V (P ) = V4 = {µM , µ1, µ2, µ12}. The algo-

rithm ends.

By Theorem 2, SL (P ) = {µM , µ1, µ2, µ12}. �

3.2 Lattice Structure of SS(P)

Knuth [6] attributes to Conway the result that the set of stable matchings
has a lattice structure 10. Roth et al. [9] extend this result to the set of stable
fractional matchings. In this section, we show that the set of strongly stable
fractional matchings has a lattice structure by showing that it is a sub lattice
of the lattice of stable fractional matchings11.

10 Theorem (Conway) When preferences are strict, the set of stable matchings is a
distributive lattice under common order of men, dual to the common order of women.
11 For more details on lattice theory see Birkhoff, G. [2].
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A lattice is a partially ordered set (L,≤) satisfying the condition that, for
all a, b ∈ L, the least upper bound (lub (a, b)) belongs to L, denoted by a ∨ b,
and the greatest lower bound (glb (a, b)) also belongs to L, denoted by a ∧ b.

Let (L,≤) be a lattice and the subset S ⊆ L. The pair (S,≤) is a sub
lattice of (L,≤), if for all a, b ∈ S it holds that a ∨ b ∈ S and a ∧ b ∈ S.

Consider the partial order�M of men’s common preferences and the partial
order �W of women’s common preferences.12

Roth et al. [9] show that (SF (P ) ,�M ) and (SF (P ) ,�W ) are dual lattices,
where the binary operations that compute the lub and glb are ∨,∧, defined as
follows.

Given two stable fractional matchings x and y, define x ∨ y and x ∧ y to
be the |M | × |W | matrix given by

(x ∨ y)m,w = max

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j

−max

 ∑
j>mw

xm,j ,
∑
j>mw

ym,j

 ,

and define x ∧ y to be the |M | × |W | matrix given by

(x ∧ y)m,w = min

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j

−min

 ∑
j>mw

xm,j ,
∑
j>mw

ym,j

 ,

Roth et al. [9] also show that these matrices have the following properties.
If x and y are stable fractional matchings, then x∨ y and x∧ y are the unique
fractional matchings that, for all (m,w) ∈M ×W, satisfy

∑
j≥mw

(x ∨ y)m,j = max

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j

 (10)

∑
i≥wm

(x ∨ y)i,w = min

 ∑
i≥wm

xi,w,
∑
≥wm

yi,w

 (11)

∑
j≥mw

(x ∧ y)m,j = min

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j


∑
i≥wm

(x ∧ y)i,w = max

 ∑
i≥wm

xi,w,
∑
i≥wm

yi,w


In next Theorem, we state that the set of strongly stable fractional match-

ings has a lattice structure. If x and y are strongly stable, then x∨y and x∧y
are also strongly stable.

12 The partial orders �M and �W are formally presented in the Appendix.
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Theorem 3 Let (SF (P ) ,�M ) and (SF (P ) ,�W ) be two dual lattices. Then
(SS (P ) ,�M ) and (SS (P ) ,�W ) are sub lattices of (SF (P ) ,�M ) and (SF (P ) ,�W )
respectively. Moreover, these sub lattices are dual.

Proof Since SS (P ) ⊆ SF (P ) , we only need to prove that if x and y are
strongly stable fractional matchings, then x ∨ y and x ∧ y are strongly stable,
that is to say, for all (m,w) ∈ A1−

∑
j≥mw

(x ∨ y)m,j

 ·
1−

∑
i≥wm

(x ∨ y)i,w

 = 0,

and 1−
∑
j≥mw

(x ∧ y)m,j

 ·
1−

∑
i≥wm

(x ∧ y)i,w

 = 0.

We prove that x ∨ y ∈ SS (P ) .
By the property (10) and (11), we have that1−

∑
j≥mw

(x ∨ y)m,j

 ·
1−

∑
i≥wm

(x ∨ y)i,w

 = 0

is equivalent to1−max

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j


 ·
1−min

 ∑
i≥wm

xi,w,
∑
i≥wm

yi,w


 = 0

for each (m,w) ∈ A.
If 1−max

{∑
j≥mw xm,j ,

∑
j≥mw ym,j

}
= 0, then x ∨ y ∈ SS (P ) .

Assume that 1−max

 ∑
j≥mw

xm,j ,
∑
j≥mw

ym,j


 > 0.

Then, ∑
j≥mw

xm,j < 1 and
∑
j≥mw

ym,j < 1. (12)

Since x and y are strongly stable,1−
∑
j≥mw

xm,j

 ·
1−

∑
i≥wm

xi,w

 = 0

and 1−
∑
j≥mw

ym,j

 ·
1−

∑
i≥wm

yi,w

 = 0,
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and by (12) we have that,
∑
i≥wm xi,w = 1 and

∑
i≥wm yi,w = 1.

Thus, 1−min

 ∑
i≥wm

xi,w,
∑
i≥wm

yi,w


 = 0.

This proves that x ∨ y ∈ SS (P ) .

Similar arguments prove that x ∧ y ∈ SS (P ). Then, (SS (P ) ,�M , ) and
(SS (P ) ,�W ) are sub-lattices of (SF (P ) ,�M ) and (SF (P ) ,�W ) respec-
tively. Moreover, since (SF (P ) ,�M ) and (SF (P ) ,�W ) are dual lattices, then
(SS (P ) ,�M ) and (SS (P ) ,�W ) are dual lattices. ut

4 Appendix

Given two stable fractional matchings x and y, we say that x weakly dominates
y in man m′s opinion, if ∑

j≥mw

xm,j ≥
∑
j≥mw

ym,j

for all w, which is denoted by x �m y. We also say that x strongly dominates
y, (x �m y) , if at least one inequality is strict. We can define domination in a
woman’s opinion analogously.

Also, we say that x weakly dominates y in man m′s opinion under a profile
of reduced lists Pµ, if ∑

j≥µmw

xm,j ≥
∑
j≥µmw

ym,j

for all w ∈ Pµ(m), which is denoted by x �µm y. We also say that x strongly
dominates y, (x �µm y) , if at least one inequality is strict. We can define dom-
ination in a woman’s opinion under a profile of reduced lists, in the same
way.

A partial order �M can be defined on the set of stable fractional matchings
where x �M y, if x �m y for each m ∈ M. That is, x �M y, meaning that x
weakly dominates y in every man’s opinion. This also applies for �µM in the
reduced preference lists Pµ. In the same way, we can define domination in
every woman’s opinion (�W and �µW ).

Remark 3 Let x be a stable fractional matching in the matching model (M,W,P ).
Since x is a convex combination of stable matchings, then xµM �M x �M xµW

and xµW �W x �W xµM . Moreover, if x is a stable fractional matching for the
matching model (M,W,Pµ), then xµ �M x �M xµW and xµW �W x �W xµ.
This follows from Lemma 1, which means that each stable matching for the
matching model (M,W,Pµ) is also a stable matching for the matching model
(M,W,P ).
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Lemma 6 Let (M,W,P ) be a matching model. Let µ ∈ S (P ) , and Pµ be
the reduced lists. Let x̄ be a stable fractional matching in the matching model
(M,W,P ). If x̄ is strongly stable for the matching model (M,W,Pµ) , then x̄
is strongly stable for the matching model (M,W,P ).

Proof Let (M,W,P ) be a matching model. Let µ ∈ S (P ) , and Pµ be the
reduced lists. Let x̄ be a stable fractional matching in the matching model
(M,W,P ) and let us assume that x̄ is strongly stable in (M,W,Pµ) . Hence1−

∑
j≥µmw

x̄m,j

 ·
1−

∑
i≥µwm

x̄i,w

 = 0

holds for each (m,w) ∈ A (Pµ). Then, we will prove that1−
∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 = 0

holds for each (m,w) ∈ A (P ) as well.
We will consider the following cases:

i) Let (m,w) ∈ A (Pµ) . That is, (m,w) was not eliminated in Pµ. So,∑
j≥mw

x̄m,j ≥
∑
j≥µmw

x̄m,j

holds, since for each man m, there are more women in his original list of
preferences than in his reduced list of preferences.
Hence,

1−
∑
j≥mw

x̄m,j ≤ 1−
∑
j≥µmw

x̄m,j .

With a similar argument, we have

1−
∑
i≥wm

x̄i,w ≤ 1−
∑
i≥µwm

x̄i,w.

By hypothesis and constraints (1) and (2) in (LP),

0 =

1−
∑
j≥µmw

x̄m,j

 ·
1−

∑
i≥µwm

x̄i,w


≥

1−
∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 ≥ 0.

Then, for (m,w) ∈ A (Pµ)1−
∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 = 0.
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ii) Let (m,w) ∈ A (P ) − A (Pµ). Considering that (m,w) was eliminated in
Pµ, we analyze three cases separately:
a) If w >m µ(m).

Since xµ �M x̄, then ∑
j>mw

x̄m,j ≤
∑
j>mw

xµm,j = 0. (13)

As x̄ is a stable fractional matching in (M,W,P ), constraints (2) and
(3) of (LP) hold, and by (13), we have

∑
i≥wm x̄i,w = 1. Then,1−

∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 = 0.

b) If w <m µW (m).
Since x̄ is a stable fractional matching, we have that x̄ is a convex
combination of stable matchings. Then, x̄ �M xµW holds by Remark
3. So, we also have that

∑
j≥mw x̄m,j ≥

∑
j≥mw x

µW
m,j = 1. Then,1−

∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 = 0.

c) If µ(m) >m w >m µW (m).
Since (m,w) 6∈ A (Pµ) , man m was eliminated by woman w in Pµ. If
m >w µ(w), then (m,w) is a blocking pair for the stable matching µW ,
and this is a. Hence, µ(w) >w m.
Since x̄ �W xµ by Remark 3, we have

∑
i≥wm x̄i,w ≥

∑
i≥wm x

µ
i,w =

xµµ(w),w = 1. Using constraint (2) of (LP) we have that∑
i≥wm

x̄i,w = 1,

then 1−
∑
j≥mw

x̄m,j

 ·
1−

∑
i≥wm

x̄i,w

 = 0.

From cases i) and ii), we conclude that x̄ is strongly stable in (M,W,P ) . ut

Proof of Claim We need to prove that there is a pair (m̄, w̄) ∈ A(Pµx̄) such
that µx̄(m̄) >m̄ w̄ >m̄ µl(m̄) and µl(w̄) >w̄ m̄ >w̄ µx̄(w̄). We will analize two
cases.
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i) Assume that there exists σ ∈ Φ(µx̄) and m̄ ∈ σ such that µx̄[σ](m̄) >m̄
µl(m̄). Let w̄ = µx̄[σ](m̄). Then, (m̄, w̄) ∈ A(Pµx̄). Since m̄ ∈ σ, we
have that µx̄(m̄) >m̄ µx̄[σ](m̄). Hence, for (m̄, w̄) ∈ A(Pµx̄) we have that
µx̄(m̄) >m̄ w̄ >m̄ µl(m̄). By Definition 6, µx̄ assigns to each woman her
least preferred man i among those that fulfill x̄i,w > 0. Since µx̄[σ](w̄) = m̄,
we have that m̄ >w̄ µx̄(w̄). Also, the stability of µl assures that µl(w̄) >w̄
m̄. Then, we have that µl(w̄) >w̄ m̄ >w̄ µx̄(w̄).

ii) If not, for all σ ∈ Φ(µx̄) and for all man m ∈ σ, we have that µx̄[σ](m) =
µl(m). Let M0 = {m ∈ M : m ∈ σ for some σ ∈ Φ(µx̄)}. Then, there
exists a pair (m̄, w̄) ∈ A(Pµx̄) such that m̄ ∈ M \M0 and µx̄(m̄) >m̄
w̄ >m̄ µl(m̄). If not, for each m′ ∈M \M0, there is no acceptable woman
w′ such that µx̄(m′) >m′ w

′ >m′ µ
l(m′). That is, for each m′ ∈ M \M0,

either we have that µx̄(m′) = µl(m′), or µl(m′) is the second woman in
the reduced preference list of man m′. Then µl ∈ Mµx̄ , which results in a
contradiction.
Then, we have that there exists a pair (m̄, w̄) ∈ A(Pµx̄) such that m̄ ∈
M \M0 and µx̄(m̄) >m̄ w̄ >m̄ µl(m̄).
Using a similar argument to the one used in item i), by Definition 6, µx̄
assigns to each woman her least preferred man i among those that fulfill
x̄i,w > 0. Then, we can assure that µl(w̄) >w̄ µx̄(w̄). By the stability of µl

we have that µl(w̄) >w̄ m̄.
We only need to prove that m̄ >w̄ µx̄(w̄). If µx̄(w̄) >w̄ m̄, then in step
2 of the reduction procedure, m̄ will be eliminated by woman w̄ from her
reduced preference list, Pµx̄(w̄). Hence, in step 3 the man m̄ will eliminated
woman w̄ from his reduced preference list, which results in a contradiction
of the existence of the pair (m̄, w̄) ∈ A(Pµx̄). Then, µl(w̄) >w̄ m̄ >w̄ µx̄(w̄).

ut
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