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Introduction

The preference relation of a consumer or a decision maker is strictly monotonic if
an increase in even only one commodity consumption is always strictly preferred.
This work addresses existence, continuity and utility representation of such preferences. The existence of a utility function representing a preference is closely
related with the properties of the set of alternatives to which we often refer as
the consumption set. As we focus on continuous preferences, the topology of the
consumption set will play a relevant role.
In case of finite or countable many commodities, it is easy to find examples
of continuous and strictly monotonic preferences. In this scenario, the existence
of utility functions is guaranteed by Eilenberg-Debreu Theorem, as soon as the
underlying topological space is connected and separable or second countable.
Yet, it is not an easy task to give examples of strictly monotonic preferences
defined on general commodity spaces involving uncountable many commodities.
Moreover, in this situation, a representative commodity space, as B([0, 1]), the
space of bounded functions defined on [0, 1], fails to be separable and thus, the
classical utility representation results do not apply.
Several authors have elaborated on generalizations of the Eilenberg-Debreu
Theorem providing conditions for the existence of utility representation. We
refer to Fleischer 1(961), Nachbin (1965), Peleg (1970), Jaffray (1975), Mehta
(1977,1988), Richter (1980), Herden (1989). See Bridges and Mehta (1995) for
a complete summary of this contributions and Stigler (1950) for a historical
analysis of utility theory.
However, as Estévez and Hervés (1995) have shown, in every non-separable
metric space, there are continuous preferences that can not be representable by
a utility function. Yet, these non-representable preferences, are neither convex
nor monotonic.
In Section 2.1 we set the notations and we provide the background. The positive and negative results on preference representation are presented in Section
2.2 . Since our objective focuses on the case of uncountably many commodities,
we survey the findings by Monteiro (1987) and the generalization provided by
Candeal et al. (1999) which give necessary and sufficient conditions for a continuous preference defined on a non separable topological space to be representable
by a utility function.
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In Section 3, we provide examples of strictly monotonic and continuous utility
functions defined on particular subspaces of the space of functions defined on the
set of commodities K = [0, 1]. Moreover we stress that, for any set of commodities K, and any consumption set, there are strictly monotonic preferences.
Finally, in Section 4, we state our main result. Strictly monotonic preferences
on the positive cone of spaces like the Banach space of all bounded function
defined in [0, 1] are neither representable by utility functions nor continuous in
any linear topology. We revisit Hervés-Monteiro (2010) to extend this result
to rich-enough consumption subsets of the space of functions defined on any
non-countable set of commodities.

2
2.1

Notation, definitions and background
Definitions and notation

Let X be a set. A subset R ⊂ X × X is a binary relation. We write xRy if
(x, y) ∈ R.
Definition 2.1 The binary relation, R on X is:
a) reflexive if xRx for all x ∈ X;
b) transitive if xRy and yRz implies xRz;
c) antisymmetric if xRy and yRx implies x = y;
d) complete (or total) if for every x, y in X either xRy or yRx;
e) a partial order if is reflexive, transitive and antisymmetric.
An order is a complete partial order.
Definition 2.2 The ordered set (K, >) is well ordered if for every non–empty
subset A ⊂ K there is a ∈ A such that x > a for every x ∈ A.
That every set can be well ordered is Zermelo’s theorem.
A reflexive and transitive binary relation % on X is a preference relation on X.
If (f, g) ∈%, we write f % g. Thus:
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Reflexivity f % f for all f ∈ X;
Transitivity If f % g and g % h, then f % h.
We read f % g as f is at least as preferred as g. Moreover, for f, g ∈ X we write
f  g, and we read f is more preferred than g, if f % g but g 6% f and f ∼ g,
and we read f is indifferent to g, if f % g and g % f.
A preference % defined on a convex X is said to be convex if, for any two
points f , g ∈ X and λ ∈ (0, 1), f % g implies f % λx + (1 − λ)g, and strictly
convex if f % g and λ ∈ (0, 1) imply f  λf + (1 − λ)g.
Let (X, >) be a partially ordered set. A preference % defined on X, is monotonic if, for f, g ∈ X, f > g implies f % g. The preference % is strictly monotonic
if f > g, f 6= g, implies f  g.
The topological space (X, τ ) is said separable if it contains a countable subset
whose closure is X. That is, there exists a sequence Q = {q1 , . . . , qn , . . . } such
that Q∩V 6= ∅ for every non-empty open set V ⊂ X. The topological space (X, τ )
is second countable or perfectly separable if τ admits a countable basis of open
sets. Every perfectly separable topological space is separable, and every separable
metric space is perfectly separable. A topological space (X, τ ) is connected if
there is no partition of X into two disjoint, non-empty closed sets. Also, X
is path-connected if for all f, g ∈ X there exists a continuous function f :
[0, 1] → X with f (0) = f and f (1) = g. Note that every path-connected space is
connected and every convex set in a linear topological space is path-connected.
A preference % defined on a topological space (X, τ ) is continuous if, for all
f ∈ X, the sets Lf = {g ∈ X : f % g} and Uf = {g ∈ X : g % f } are τ -closed in
X and the sets L̊f = {g ∈ X : f  g} and Ůf = {g ∈ X : g  f } are open sets
for all f ∈ X. Note that if % is complete, then, for all f ∈ X, the sets Uf and Lf
are closed if and only if the sets Ůf and L̊f are open. However, for example, in
the Pareto order in Rn , given by a %P b if and only if ai > bi for all i = 1, · · · , n
we have that Ua and La are closed sets for all a ∈ Rn , but %P is not continuous
since neither Ůa nor L̊a are open sets.
The following theorem shows that continuous preferences on convex sets are
automatically complete:
Theorem 2.1 (Schmeidler, 1971) A continuous preference, %, defined on a
connected space X, and non trivial (there are f and g ∈ X, such that f  g), is
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complete.
Thus, in order to consider non-trivial continuous preferences, i. e., reflexive,
transitive and continuous binary relations, we must assume that they are complete.
If U : X → R is a function then %U := {(f, g) ∈ X 2 ; U (f ) ≥ U (g)}, that is,
f %U g if and only if U (f ) > U (g), is a complete preference relation on X. Also
f U g if and only if U (f ) > U (g). A preference relation is representable by
a utility function if there is a U = U : X → R such that f % g if and only if
U (f ) ≥ U (g).

2.2

Existence of utility representation

The representability of a preference relation by a utility function was taken first
as a cardinal concept to measure a consumer’s well-being by Pareto (1896). However, its relevance was recognized much later by Slutsky (1915) and especially by
Wold (1943), who listed a number of axioms (or conditions) that preference must
meet in order to guarantee the existence of a real-valued utility representation.
One basic requirement of a utility function in applications to consumer theory
is that the utility function be continuous. For continuous preferences, the positive
results are very general. The Eilenberg-Debreu Theorem, establish that a
continuous preference defined on a connected and separable, or second countable
topological space (X, τ ), has a continuous utility representation.
Theorem 2.2 (Debreu, 1954)
a) Let X be connected and separable. Then any continuous preference relation
on X has a utility representation.
b) Let X be a perfectly separable space. Then any continuous preference relation
on X has a utility representation.
The Debreu’s (1954), (see also Debreu 1964), contribution on the existence
of continuous utility representation of preferences is based on an earlier work by
Eilenberg (1941), that shows the existence of utility for a continuous total order
in connected and separable spaces. For connected and separable spaces Debreu
extended to preference relations the Eilenberg’s result for total orders. Without
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requiring connectedness, but strengthening separability, Debreu’s result shows
existence of a continuous utility for continuous preferences defined on second
countable topological spaces.
Note that for any utility function U representing a preference %, if ψ is strictly
increasing function ψ : R → R, the function V = ψ ◦ U is also a utility function
for % . Thus, a continuous preference can be represented by a utility function
V that fails to be continuous but, using the gap theorem (Debreu, 1964), it is
shown the existence of a continuous function U representing the same preference.
Many authors elaborated on the problem of preference representation of preferences. We refer to Bridges and Mehta (1995), for a survey of different approaches
and also to Herden (1995) for the connections between these approaches.
The most commonly known non representable preference is the lexicographic
order %L defined, for example, in X = [0, 1]×[0, 1] which is, in fact, a total order.
Note that %L is not continuous when one considers the Euclidean topology on
X. However, it is continuous in the order space (X, %L ) , but this topological
space is non- separable.
Thus, connectedness and separability or second countability guarantee the
existence of a utility representation of a continuous preference. Note that second countability is a hereditary property that, in particular, implies that any
continuous preference defined on an arbitrary subset of any separable metric
space is representable. Yet, in some interesting economic applications the set
of alternatives could be non-separable. For example, in a situation where alternatives are renewable natural resources in continuous time or with an infinite
temporal horizon, the decision-maker deals with infinitely many commodities in
the commodity space L∞ or l∞ (see Bewley 1972 , Araujo 1985). In the case
where one consider an infinite degree of commodity differentiation, the space of
alternatives, following Mas-Colell (1975), is ca(K), the space of countably additive signed measures over the compact space of commodities K. The respective
positive cones of the Banach spaces ca(K), L∞ , l∞ , that usually play the role of
consumption set, are non-separable metric spaces.
Moreover, given any non-separable metric space (X, d), Estévez and Hervés
(1995) show that there are continuous preference relations defined on X which
cannot be represented by a utility function. To show this general non-existence
result, it is used the characterizing property of non-separable metric spaces. In
any non-separable metric space (X, d) there is an uncountable set I ⊂ X and a
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real number  > 0 such that for every two different points f , g ∈ I, d(f, g) > 2.
They define a preference % such that each point f ∈ I is the most desirable
point in a  neighborhood of f , and for any point g, outside the  neighborhood
0

0

of any point f ∈ I we have f  g. By using the long line 1 , it is shown that %
is non-representable by any utility function.
Yet, the class of non-representable preferences that guarantees the above result does not fulfill neither monotonicity, if X is a partially ordered metric space,
nor convexity, when X is a convex set, nor local insatiability.2 However, Monteiro
(1987) provides an example3 of a convex, monotone and continuous preference
defined on a closed convex subset of a Banach lattice that has no utility representation.
Following Monteiro (1987), given a preference % defined on X, a subset F ⊂ X
bounds % if for any f ∈ X, there are points qf , q f ∈ F such that qf % f % q f .
We say that % is countably bounded if there is a finite or countable set F ⊂ X
that bounds %. It is easy to show that countable boundedness is a necessary
condition for a preference to be representable by a utility function. Moreover,
Monteiro (1987) showed that it is also sufficient to guarantee the existence of a
continuous utility representation for continuous preferences defined on the usual
consumption sets. More precisely it is shown that:
If (X, τ ) is path connected, any countably bounded continuous preference
relation % has a continuous utility function (Theorem 3, page 150).
In fact, this result is based on Theorem 1 in Monteiro (1987) that shows
that if there is F ⊂ X connected and separable which bounds %, then % has
a continuous utility representation. Following this idea, Candeal et al. (1998)
consider the following definition:
A topological space (X, τ ) is separably connected if and only if, given any
two points f, g ∈ X there is a connected and separable set, Ff,g ⊂ X such that
f, g ∈ Ff,g .
A separably connected space is connected and a path-connected topological
space is separably connected because every path is connected and separable.
However, not every separably connected space is path-connected.
1
2

See Steen and Seebach,1970, pp. 71–72
The preference % is locally insatiable if, for any point g in the consumption set X, and for

any neighborhood V of f , there is another consumption f ∈ V such that f  g.
3
It is theorem 6 on page 153
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Theorem 4 in Candeal et al. (1998), shows that a continuous preference defined on a separably connected topological space is representable by a continuous
utility function if and only if it is countably bounded.
For examples of separably connected topological spaces that are neither pathconnected nor separable we refer to Candeal et al. (1998). Actually, it was
conjectured that any connected subset of a linear or metric space is separably
connected but Aron and Maestre (2003) provide a counterexample to this conjecture. See also Wójcik (2016).
On the other hand, if X is totally ordered by > and we consider the order
topology, then (X, >) is separably connected if and only if it is path-connected.
Consider the lexicographic order %L defined in Rn . Note that %L is countably bounded and if we consider the order topology in Rn , %L is a continuous
preference. However the ordered space (Rn , %L ) is not path-connected.

3

Strictly monotonic preferences

The property of monotonicity of preferences represents the idea that more is
better. A preference % defined on a partially ordered set (X, >) is monotonic
if f > g implies f % g and it is strictly monotonic if f > g and f 6= g implies
f  g. In consumer theory, preferences are defined on the consumption set X.
An element f ∈ X represents a consumption plan that specifies the units, f (k),
of each commodity k that the consumer chooses to consume. Without loss of
generality we assume that K is the set of commodities and X ⊂ {f : K → R+ } is
a set of non-negative functions defined on K. Thus, we can consider the standard
partial order on X, that is f > g if and only if f (x) > g(x) for all x ∈ K. The
following is theorem 2 in Hervés-Monteiro (2010):
Theorem 3.1 Given a set K and any subset X ⊂ {f : K → R}, there are
strictly monotonic preferences defined on X.
Given any set K, let >∗ be a well-ordering of K. Let f, g ∈ X, f 6= g and let ko =
min {k ∈ K; f (k) 6= g(k)}. If f (ko ) > g(ko ) we define f L g and otherwise, we
define g L f . Note that f, g ∈ X, f > g, f 6= g implies f L g. The relation
%L defined by f %L g if f L g or f = g is a strictly monotonic preference (in
fact it is a strictly monotonic total order) on X.
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When K is a finite set with n points we have that X ⊂ Rn and in case where
K is a countable set, X is a subset of the space of sequences of real numbers.
Note that %L is the restriction of the lexicographic order in Rn , respectively RN
to X, which is neither continuous nor representable by a utility function.
It is very easy to find examples of continuous strictly monotonic preferences,
representable by utility functions. In the countable case, the Banach spaces of
bounded sequences, l∞ , and absolutely summable sequences, l1 , have been used to
represent, respectively, economies with renewable and non-renewable resources.
+
; given any sequence ρ = (ρn )n∈N , where ρn > 0 for all n, and
Consider X ⊂ l∞
P∞
n=1 ρn < +∞ , the preference relation defined in X by f %ρ g if and only if
P
uρ (f ) > uρ (g), where uρ (h) = ∞
n=1 ρn h(n), is strictly monotone, continuous in

both the norm and the weak∗ topology σ(l∞ , l1 ), and, by definition, representable
by the utility function uρ . Similarly, if the consumption set X ⊂ l1+ , given any
bounded sequence b = (bn )n∈N , the preference relation defined in X by f %b g if
P
and only if ub (f ) > ub (g), where ub (h) = ∞
n=1 bn h(n), defines a continuous and
strictly monotonic preference on X.
When K is an uncountable set, for instance K = [0, 1], the commodity spaces
like C(K), the space of continuous functions defined on the compact set K,
Lp (K), with 1 6 p < ∞, the spaces of classes of functions for which the p-th
power of the absolute value is Lebesgue integrable, L∞ (K), the space of classes
of essentially bounded measurable functions defined on K, or the space B(K)
of bounded functions defined on K have been considered in the literature. For
consumption sets contained in the positive cone of the spaces C(K) or Lp (K),
it is easy to find examples of strictly monotonic preferences, representable by
R
R
utilities. For example, U (f ) = f , or respectively, U (f ) = f p defines a strictly
monotonic preference in C(K)+ and L∞ (K)+ , respectively in Lp (K)+ .
Moreover, we observe that given two continuous functions f, g defined, for
example, in K = [0, 1], such that f > g and f 6= g, we have f (k) > g(k) for
uncountably many points k ∈ K. The same happens if f, g represent classes of
integrable functions. Thus, when K is uncountable, the natural order in C(K)
or in the spaces Lp (K), with 1 6 p 6 ∞, fails to represent, in a proper way, the
idea that to consume more than just one commodity.
For this reason we focus on strictly monotonic preferences defined in X ⊂
B(K) or, with more generality, X ⊂ F (K) = {f : K → R}. Note that any
continuous and monotonic preference defined in the linear space of bounded
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functions B(K) or in the positive cone B(K)+ is countably bounded (by the set
of constant functions with rational values) and, consequently, it has a continuous
utility representation. However, contrary to the case of C(K + ) or Lp (K)+ , it
is not so easy to find examples of strictly monotonic preferences in the positive
cone of the space of all bounded functions B(K).
Next section elaborates on this difficulty.

4

Strictly monotonic preferences on F (K)

Along this section K denotes an uncountable set and we consider first the linear
space F ([0, 1]) of all functions defined on K = [0, 1]. Our main result is the
following
Theorem 4.1 (Non–existence) Every strictly monotonic preference relation
on X, the positive cone of the space functions defined on [0, 1], is non-representable.
Proof. Let % be any strictly monotonic preference relation defined on X. Suppose
U : X → R represents %. Define for t ∈ [0, 1] the functions gt = χ[0,t) and
ft = χ[0,t] , where χA to denote the characteristic function of the set A; that is,
χA (x) = 1 if x ∈ A and is 0 otherwise. Since ft > gt we have that U (ft ) > U (gt ).
Now if s > t we have that gs > ft and therefore U (gs ) > U (ft ). In particular we
conclude that the family of intervals {It : t ∈ [0, 1]}, where It = (U (gt ) , U (ft )),
is pairwise disjoint and uncountable. This impossibility shows the result.
The Corollary is theorem 3 in Hervés-Monteiro (2010):
Corollary 4.1 (Non–continuity) Let τ be a linear topology on X. Then, no
strictly monotonic preference on X can be continuous.
Proof. Let % be any strictly monotonic preference relation defined on X, and
let us consider the restriction of % to XB , the subset of non-negative bounded
functions. As we already have observed, monotonicity implies that % is countably
bounded in XB . If % were continuous, since XB is convex, it would have a
(continuous) utility representation, which is forbidden by Theorem 4.1.
Remark : Note that the proof of Theorem 4.1 only requires that the order
interval [0, χ[0,1] ] ⊂ X, that is a convex set. Thus, the theorem and the corollary
apply for any set X containing the order interval [0, χ[0,1] ]
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The negative results stated above refer to the standard consumption set of
the commodity spaces F ([0, 1]) or B([0, 1]) and, obviously, cannot be extended
to any subset X, as the previous examples (X ⊂ Rn , l∞ , l1 C[0,1], Lp [0, 1], with
1 6 p 6 ∞) show.
Finally, we will replicate Theorem 4.1 and Corollary 4.1 in the case where K
is any uncountable set and X ⊂ F (K) is a “rich enough” set of consumption
plans.
Let be two consumption plans f, g ∈ X, f > g. It is natural to assume that
if a consumer (a decision maker) can choose both f and g, she also can choose
any consumption plan h with f > h > g. That means that if a consumer can
consume an amount f (k) or g(k) of commodity k, she also can consume any
intermediate value. Note that this property is neither fulfilled when X is a set of
continuous functions nor when X is a set of classes of integrable functions. Note
also that to consider continuous functions on K implies a close relation among
commodities; if the consumer chooses an amount f (k), she is obliged to choose
0

a similar amount of every commodity k in a neighborhood of k.
In order to show next results, we will require that the consumption set X be
“rich enough”. A set X ⊂ F (K) is said “rich enough” if there are two functions
f, g ∈ X such that f > g, f (k) > g(k) for all k ∈ Ko ⊂ K with Ko uncountable,
and such that the segment [g, f ] = {h; g 6 h 6 f } ⊂ X.
Theorem N’ Let K any uncountable set and let be X ⊂ F (K) “rich enough”.
Every strictly monotonic preference relation on X is non-representable.
The proof is, essentially, the same as in Theorem 1 in Hervés and Monteiro,
(2010). See also Hervés and del Valle-Inclán Cruces (2019).
Let >K be a total order in K, the assumption guarantees that there are g
and f > g

4

functions on K such that [g, f ] ⊂ X and g(k) < f (k) for all k in

the uncountable set Ko . For any k ∈ Ko , define hk (x) = f (x) if k >K x and
hk (x) = g(k) otherwise, and f k (x) = f (x) if k >K x and f k (x) = g(x) otherwise.
Note that hk > hk for all k ∈ Ko and thus, if U is a utility representing a
strictly monotonic preference %, for each k ∈ Ko , we would have that Ik =
(U (hk ), U (hk )) would be a non-empty open interval and for any other point
k 0 >K k, hk0 > hk and thus, Ik ∩ Ik0 = ∅. We would have uncountably many non4

Note that >K is a total order on K, whereas > represent the natural partial order in the

set of functions X
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empty open and disjoint real intervals, an impossibility that shows the result.
Corollary (N-C)’
Let τ be a linear topology5 on X ⊂ F (K) “rich enough”. Then, no strictly
monotonic preference on X can be continuous.
Proof. Let % be any strictly monotonic preference relation defined on X, and
let g, f as in the previous proof. Let us consider the restriction of % to the set
X 0 = [g, f ] ⊂ X. Note that % is bounded in the convex set X 0 by {g, f }. If %
were continuous it would have a (continuous) utility representation in X 0 that is
“rich enough”, but this contradicts Theorem N’.
Remark : A relevant example of a “rich enough” consumption set is B(K)+ ,
the positive cone of B(K), the Banach space of all bounded functions defined
on K. We have shown that there are strictly monotonic preferences defined on
B(K)+ , but none of them is continuous and none of them has a utility representation. Yet, there are infinite dimensional subspaces of B(K) for which there are
continuous and strictly monotonic preferences with utility representation defined
on the positive cone.
For it, consider `1 ([0, 1]) ⊂ B(K). A bounded function f ∈ `1+ ([0, 1]) is such
P
that {t; f (t) 6= 0} is countable and kf k1 = t∈[0,1] f (t) < ∞. Define f % g if and
only if U (f ) > U (g). Observe that % is strictly monotonic, continuous, with the
topology given by the norm kk1 and representable by the utility U . This does
not contradict the previous results since `1+ ([0, 1]) is not “rich enough”. In this
consumption set no agent ever consumes an uncountable set of commodities.

5

Linearity guarantee that the path t → (1 − t)a + tb joining a to b is continuous.
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